Abstract. Let o be a complete discrete valuation ring of mixed characteristic p0, pq and X 0 a smooth formal scheme over the formal spectrum of o. Given an admissible formal blow-up X of X 0 we introduce sheaves of differential operators D : X,k on X, for every integer k ě k X , where k X depends on the blow-up morphism X Ñ X 0 . This generalizes Berthelot's construction of sheaves of arithmetic differential operators on X 0 . The coherence of these sheaves and several other basic properties are proven. In the second part we study the projective limit sheaf D 
Let o be a complete discrete valuation ring of mixed characteristic p0, pq, and fix a uniformizer ̟. We denote by L its field of fractions. In [18] some of us (together with D. Patel) have introduced sheaves of arithmetic differential operators D : n,k on certain semistable formal models X n of the rigid analytic projective line over L (for n, k P N and C.H. and M.S. benefited from an invitation to MSRI during the Fall 2014 and thank this institution for excellent working conditions. T.S. would like to acknowledge support of the Heisenberg programme of Deutsche Forschungsgemeinschaft (SCHM 3062/1-1). k ě n). A key result of [18] is that X n is D : n,k -affine. When n " 0, the formal model X 0 is formally smooth over Spfpoq, and the sheaf D : 0,0 equals Berthelot's sheaf of arithmetic differential operators, as defined in [5] , and D : 0,0 -affinity was known before by a result of one of us [16] .
In this paper we generalize the construction of [18] and define and study sheaves of arithmetic differential operators on arbitrary admissible formal blow-ups of an arbitrary given smooth formal scheme X 0 over o.
At the moment, the main application of this generalization is the localization theorem of [13] : in this context X 0 is the smooth model of the flag variety of a connected split reductive group G over L, and the main result of [13] establishes then an anti-equivalence between the category of admissible locally analytic GpLq-representations (with trivial character) [20] and the category of so-called coadmissible equivariant arithmetic D-modules (on the family of formal models of the rigid analytic flag variety of G).
In the following we describe the construction and the main results of this article. Let X 0 be a smooth formal scheme over o and let D pmq X 0 be Berthelot's sheaf of arithmetic differential operators of level m on X 0 as defined in [5] . For any number k ě 0, we have the subalgebra D Given an admissible blow-up pr : X Ñ X 0 , we let k X be the minimal k such that ̟ k O X Ă I for any coherent ideal sheaf I on X 0 whose blow-up is X. Our first result then says that the structure sheaf O X is naturally a module over pr´1D pk,mq X 0 whenever k ě k X , cf. 2.1.11. This implies that D pk,mq X :" pr˚D pk,mq
is naturally a sheaf of rings on X whenever k ě k X . We define and call them sheaves of arithmetic differential operators of congruence level 1 k on X.
The structure theory of these differential operators goes largely parallel to the classical smooth setting (when X " X 0 and k " 0), as developed by Berthelot [5] . In particular, the sheaves D U,k -modules) and the category of finitely generated modules over ΓpU, p D pk,mq X q (resp. coherent modules over ΓpU, D
X,k q). We then prove a crucial result (called the 'invariance theorem') which shows that in case of a morphism X 1 Ñ X between admissible blow-ups of X 0 , the categories of coherent modules over D : X 1 ,k and over D : X,k , respectively, are naturally equivalent, cf. 2.3.3. As a consequence, we obtain versions of Theorems A and B on the blow-up X of X 0 , if the latter is affine, cf. 2.3.6, 2.3.6.
Our next objective is to pass to the projective limit D X, 8 " lim Ð Ýk D : X,k and to define the category of coadmissible modules for D X, 8 . This terminology (as well as the general philosophy behind these constructions) is inspired by the work of J. Teitelbaum and P. Schneider who introduced the notions of Fréchet-Stein algebras and defined and studied the category of coadmissible modules over such rings, cf. [20] . Our treatment here also owes a great deal to the work of M. Emerton, cf. [7] , where he introduces the concept of a weak Fréchet-Stein structure. Again, we show that analogues of Theorems A and B hold for coadmissible D X, 8 -modules when X 0 is affine, cf. 3.1.13, 3.1.14.
Finally we consider the Zariski-Riemann space of X 0 , i.e., the projective limit xX 0 y " lim Ð Ý X of all admissible formal blow-ups X Ñ X 0 , cf. [6] . One can then form the inductive limit D xX 0 y " lim Ý ÑX sp´1 X D X, 8 , where sp X : xX 0 y Ñ X is the projection map, which is a sheaf of rings on xX 0 y. We define the category of coadmissible D xX 0 y -modules and prove analogues of Theorems A and B when X 0 is affine, cf. 3.2.5.
After we developed much of the theory presented here (which began with [17, 18] ) we became aware of an article by A. Shiho, cf. [21] , in which he introduces sheaves of p-adic differential operators of negative level´m, as they are called there. These are closely related to the sheaves considered here, where the congruence level k corresponds to Shiho's level´m. We are currently investigating the implications that Shiho's work has in our context.
We also want to mention that K. Ardakov and S. Wadsley are developing a theory of Dmodules on general smooth rigid-analytic spaces, cf. [1, 3, 2] . In their work they consider deformations of crystalline differential operators (as in [4] ), whereas we take as a starting point deformations of Berthelot's arithmetic differential operators. Though we have not carried this out in the present paper, it is not too difficult to see that the category of coadmissible D xX 0 y -modules as defined here, when pulled back to the site of the rigidanalytic space of classical points, coincides with the corresponding category studied in [1, 3, 2] .
Notations and Conventions. We denote by ̟ a uniformizer of the complete discrete valuation ring o, and we let |.| p be the absolute value on L " F racpoq which is normalized by |p| p " p´1. Throughout this paper S " Spfpoq. A formal scheme X over S such that ̟O X is an ideal of definition and which is locally noetherian is called a S-formal scheme. If the S-formal scheme X is smooth over S we denote by T X its relative tangent sheaf. A coherent sheaf of ideals
. A scheme which arises from blowing up an open ideal sheaf on X will be called an admissible blow-up of X. For an integer i ě 0 we also denote X i the scheme
where the Cartesian product is taken in the category of locally ringed spaces. We let N be the set of non-negative integers. Without further mentioning, all modules will be left modules.
Arithmetic differential operators with congruence level
Let X 0 be a smooth S-formal scheme, and as before
The relative tangent sheaf T X 0 is then a locally free O X 0 -module of finite rank equal to the relative dimension of X 0 over S.
2.1.
The main construction. The sheaf of differential operators over X 0,i over Specpoq, as defined in [10, 16.8] , will be denoted by D X 0,i (with no superscripts). The subsheaf of differential operators of order ď n will be denoted D
. These sheaves are locally free O X 0,i -modules of finite type. When we complete p-adically these sheaves, we get locally free O X -modules of finite type. Taking the inductive limit one finds
which we can describe in the following way in local coordinates. Let U 0 be an open affine formal subscheme of X 0 endowed with coordinates x 1 , . . . , x M , B l the derivation relative to x l , B
We have the following description over an affine open U 0 of X 0 endowed with coordinates
Let pr : X Ñ X 0 be an admissible blow-up of the formal scheme X 0 defined by a coherent sheaf of open ideals I of O X 0 containing ̟ k . Note that I is not uniquely determined by the space X. In the sequel we denote by k I the minimal k such that ̟ k P I and put
Following [18] , given k ě k X , we will construct a p-adically complete sheaf of arithmetic differential operators p D pk,mq X over the (usually non-smooth) formal scheme X. To achieve this construction, we will first define a non complete sheaf of differential operators D pk,mq X on X for every k ě k X .
Let W 0 " X 0 zV pIq, and j 0 : W 0 ãÑ X 0 , and W " pr´1pW 0 q. Then pr induces an isomorphism of formal schemes pr : . We hasten to point out that, at the moment, D pk,mq X is only considered as an O X -module. The aim of the discussion that now follows (to be completed in 2.1.18), is to show that pr´1D pk,mq X 0 acts on the structure sheaf O X , and the sheaf D pk,mq X therefore carries a ring structure. Lemma 2.1.6. There are natural morphisms of sheaves which are injective:
Proof. To fix ideas let us consider the Cartesian diagram, whose first column is an isomorphism of formal schemes
Let us first explain how to obtain the four maps. The map (ii) is standard. For (i) and (iii), letting E be a sheaf of abelian groups over X 0 , E |W 0 its restriction to W 0 , we have a canonical map : E Ñ j 0˚E|W 0 . Next we have a canonical morphism E |W 0 Ñ pr˚pr´1E |W 0 , we find thus a map E Ñ pr˚j˚pr´1E |W 0 (using pr˚j˚" pj 0 q˚pr˚) and, by adjunction, we obtain the map pr´1E Ñ j˚pr´1E |W 0 . If E is a sheaf of O |W 0 -modules, then we can proceed exactly in the same way, replacing everywhere pr´1 with pr˚to get a map pr˚E Ñ j˚pr˚E |W 0 .
This gives the map (iv) for
The injectivity of all those maps is a local question over X 0 and we start with the maps (i) and (ii). The injectivity may be proved after reduction modulo ̟ and we therefore may replace all occurring formal schemes by their reductions modulo ̟, e.g. we work with X 0,0 and X 0 instead of X 0 and X etc. We may also assume that X 0,0 is connected. Since it is also smooth over the residue field o{p̟q of L, this implies that X 0,0 is irreducible and hence integral. Then also the blow-up X 0 Ñ X 0,0 is integral and since the map (ii) comes from an open immersion, its injectivity follows. Moreover, the structure map pr´1O X 0,0 Ñ O X 0 is injective [14, Lemma 8.1.4] and its composition with the map in (ii) gives the map (i). Thus the map (i) is injective. For (iii) and (iv), we can assume that X 0 is endowed with local coordinates and then D pk,mq X 0 is a free O X 0 -module over X 0 . The statements come thus from (i) and (ii). This proves the lemma.
Let us assume for a moment that X 0 is an affine smooth formal scheme, say X 0 " SpfA, where A is a p-adically complete o-algebra topologically of finite type. Since X 0 is smooth, A is a flat o-module and is p-torsion free. Let I " ΓpX 0 , Iq, which contains ̟ k , and let B denote the graded A-algebra B " À n B n , where the degree n-part B n equals the n-th power I n of the ideal I. This means
Let t P B 1 be a homogeneous element of degree one, and Br1{ts 0 the algebra of degree 0 elements in the homogeneous localization Br1{ts. We can assume that the open subset D`ptq Ă ProjpB{̟Bq is nonempty, so that t is not a zero divisor mod ̟ in A. The formal scheme X is covered by all D`ptq obtained in this way. Note that we have by definition
where { Br1{ts 0 denotes the ̟-adic completion of Br1{ts 0 . Let us observe that the algebra B is a graded subalgebra of ArT s. Indeed, there is a graded injective ring morphism
By definition, ϕptq " tT . Since localization is flat, we get from this an injective graded morphism Br1{ts Ñ Ar1{tsrT˘1s, where Ar1{tsrT˘1s is graded by the degree of T . Taking degree zero elements, we get an injection (2.1.8) Br1{ts 0 ãÑ Ar1{ts.
Note that the same argument says that the map B{̟ i Br1{ts 0 ãÑ A{̟ i Ar1{ts is also injective for all integers i ě 1 and passing to the projective limit we find that the following map is injective
where At1{tu is the ̟-adic completion of Ar1{ts, concretely Proof. We like to see that the inclusion j : pr´1Dptq Ñ X, or equivalently, the composite morphism j 1 : Dptq » pr´1Dptq Ñ X factors through the inclusion D`ptq Ñ X. To ease notation, we abbreviateÂ t " At1{tu. Let B t " ' n pÂ t Iq n , so that pr´1Dptq " lim Ý Ñi ProjpB t {̟ i q and j is induced by the natural map I ÑÂ t I. The morphism j 1 factors through D`ptq if and only if there is a ring homomorphism { Br1{ts 0 ÑÂ t compatible with j 1 . Now the idealÂ t I is generated by the regular element t in degree one. Denoting bŷ A t rT s the polynomial ring in one variable T (graded by degree in T ) we therefore have the isomorphism of gradedÂ t -algebras
The isomorphism Dptq » pr´1Dptq may then be described via the chain of maps
and so the composite j 1 is induced by a homomorphism of gradedÂ t -algebras B ÝÑÂ t rT˘1s with the property that the degree one element t maps to tT . Hence, this graded map does extend to the homogeneous localization Br1{ts and the ̟-adic completion of the degree zero part of this extension yields then a map { Br1{ts 0 ÑÂ t compatible with j 1 . Moreover, this last map evidently coincides with the map (2.1.9) and this completes the proof of the lemma.
We now drop the assumption that X 0 is affine and go back to our original setup. So X 0 denotes a smooth S-formal scheme and pr : X Ñ X 0 denotes an admissible blowup defined by a coherent sheaf of open ideals I of O X 0 . Let W 0 " X 0 zV pIq, and j 0 : W 0 ãÑ X 0 , and W " pr´1pW 0 q. Denote by j the inclusion W ãÑ X. For any k ě 0, the sheaf O W 0 is naturally a D Before giving the proof, we need some extra notation. Given a fixed nonnegative integer m and a nonnegative integer ν, one denotes as before by q the quotient of the euclidean division of ν by p m . Let ν ě ν 1 be two nonnegative integers and ν 2 :" ν´ν 1 ; then for the corresponding numbers q, q 1 and q 2 , we define (2.1.12)
Proof. The uniqueness is clear since pr´1D . This can be checked locally : we can assume that X 0 " SpfA is affine endowed with local coordinates x 1 , . . . , x M and so we may place ourselves in the situation of the above affine discussion. In particular, we will use exactly the same notation and restrict to some affine open D`ptq Ă X for some degree one homogeneous element t P I, such that t does not divide zero mod ̟. We then have to prove that induced action of ΓpD`ptq, pr´1D
q. The former can be described in the following way (where the sums are finite):
By inserting suitable powers of ̟ into the formula [ 1.9) ). Now we will need the Lemma 2.1.13. Ar1{ts is a subalgebra of At1{tu.
Proof. Since A is p-torsion free, and since t is not a zero divisor mod ̟, we have an injection i 1 : A ãÑ A t1{tu. Consider now the following commutative diagram
Let a P A and c be a nonnegative integer such that jpat´cq " 0, then jpaq " i 1 paq " 0, and a " 0, which proves the lemma.
We have the following Lemma 2.1.14. The module Ar1{ts is a sub-D pmq -module of At1{tu.
Proof. Since t does not divide 0 mod ̟, the ring Ar1{ts is non zero. In particular there exists t´1 P Ar1{ts such that t´1t " 1. Now consider for a moment an arbitrary unit s P Ar1{tsˆ. Let us first prove by induction on ν that
This is true for ν " 0. Proof. We begin the proof with an auxiliary assertion (it is here where we use the assumption k ě k X ).
Proof of the assertion. The proof relies on the Leibniz formula [5, 2.3.4.1] . We proceed by induction on r. For r " 0 the assertion is trivial and for r " 1, it is true if l ě 1 since ̟ k P I. For r " 1, it is also true if l " 0 since f P I. Let us assume that the result is true for s ď r. It is enough to prove that
Denote f " hg, the Leibniz formula of loc. cit. states as follows
By induction hypothesis, for all j ď l, ̟ kj B xjy i phq P I r and ̟ kpl´jq B xl´jy i pgq P I, which implies that ̟ kl B xly i pf q P I r`1 . This establishes the assertion.
After this preliminary discussion, let d ą 0. Let us first prove by induction on ν that for an arbitrary element s P I d which becomes invertible in Ar1{ts, one has
. This is true for ν " 0. Consider then the formula [5, (iv) of 2.2.4] with notation 2.1.12
By the induction hypothesis, one knows for any integer µ ď ν,
s µ`1 and, by our auxiliary assertion above, one knows
This implies
which proves our claim. Applying this claim to the element s "
. Then, using again the Leibniz formula, we deduce from this and the auxiliary assertion, for a given homogeneous element g P B of degree d, i.e g t d P Br1{ts 0 , the identity
whose right-hand terms are contained in
This completes the proof of the lemma.
Taking the ̟-adic completion of Br1{ts 0 , we see that ΓpD`ptq, O X q is a sub-D pk,mq -module (and even a sub-{ D pk,mq -module where { D pk,mq is the ̟-adic completion of D pk,mq ) of Att´1u. This finishes the proof of the proposition.
From this we deduce the Corollary 2.1.18. In the present situation, for k ě k X , the sheaf D pk,mq X (defined in (2.1.5)), can be uniquely endowed with a ring structure compatible with the ring structure of j˚D pk,mq W . Proof. Applying (iv) of lemma 2.1.6, we know that D pk,mq X ãÑ j˚D pk,mq W , this gives the uniqueness. Using the previous inclusion, we only have to prove that D pk,mq X is stable under the product in j˚D pk,mq W . This can be checked locally over X and when X 0 " SpfpAq is a smooth affine formal scheme endowed with local coordinates x 1 , . . . , x M as before. We use exactly the same local situation and same notations as for the proof of the previous proposition. In particular,
where the last isomorphism follows from the fact that D pk,mq X is an inductive limit of the O X -coherent modules D pk,mq X,d q, which are the sheaves of differential operators of order less than d. Moreover, we have the inclusion D Ă E. To prove that D is a subring of E, it is enough to prove that For k ě k X , we introduce the following sheaves of rings over the admissible blow-up X of X 0 :
We have the following description over an affine open V Ă pr´1pU 0 q where U 0 is an affine open of X 0 endowed with coordinates x 1 , . . . , x M , and B 1 , . . . , B M the corresponding derivations,
2.2. First properties. We keep here the hypothesis from the previous section. In particular, X 0 denotes a smooth formal S-scheme and pr : X Ñ X 0 denotes an admissible blow-up. For a given natural number k ě 0 we let
where T X 0 is the relative tangent sheaf of X 0 over S.
Lemma 2.2.1.
(i) The sheaf T X,k is a locally free O X -module of rank equal to the relative dimension of X 0 over S. (ii) Suppose π : X 1 Ñ X is a morphism over X 0 from another admissible blow-up
Proof. Directly from the definitions. Note that ppr 1 q˚" π˚˝pr˚in (ii).
Before stating the next proposition, let us recall that Sym pmq pT X,k q denotes the graded level m symmetric algebra generated by the sheaf T X,k defined in [12, 1] . This is a graded O X -algebra
Over some open affine set U Ă pr´1pU 0 q such that T U 0 is free with basis ξ 1 , . . . , ξ M , one has the description using notation 2.1.1 (i.e. ν!ξ
For the rest of this subsection we fix a number k ě k X (2.1.4). Moreover the sheaves D pk,mq
There is a basis of the topology B of X (resp. X i ), consisting of open affine subsets, such that for any U P B (resp. U i P B), the ring D " pr˚D pk,mq
. Now we apply pr˚and get an exact sequence since Sym pmq d pT X 0 q is a locally free O X 0 -module of finite rank. This gives (i). Let U be an affine subset of pr´1pU 0 q, where U 0 Ă X 0 has some coordinates x 1 , . . . , x M . One has the following description
Since U is affine and the filtration steps D pk,mq X,d
are coherent O X -modules for all d, the previous exact sequences gives us the following isomorphism gr´D pk,mq
Since the latter level m symmetric algebra is known to be noetherian [12, Prop. 1.3.6], this proves (ii). As B we may take the set of open affine subsets of X that are contained in some pr´1pU 0 q, for some open U 0 Ă X 0 endowed with global coordinates. Let now V, U P B such that V Ă U. Since the sheaf D pk,mq X is an inductive limit of coherent O X -modules, one has
In particular D 
Since the sheaf D is an inductive limit of coherent O X -modules, one has
and D is a flat D-module. Moreover, thanks to (ii), we know that D X pU l q is noetherian for each l. Let pM i q be an increasing sequence of left ideals of D, and consider
which form an increasing sequence of sheaves of ideals of D by flatness of D over D. The sequence ΓpU l , M i q is thus an increasing sequence of ideals of ΓpU l , Dq, that is stationary by Noetherianess of this algebra. Since M i is an inductive limit of finite type A-modules, M i is an inductive limit of coherent O X -modules, thus
Finally we see that M i|U l is stationary for each l. and coherent modules over this sheaf by passing to the inductive limit over the quasi-compact formal scheme U.
Proof. For the convenience of the reader, we start by recalling the following result of Berthelot.
Auxiliary result 2.2.7. Let X be a scheme, D be a sheaf of rings over X such that, for all affine open U Ă X, ΓpU, Dq is a noetherian ring. We fix an homomorphism O X Ñ D such that the left multiplication by the sections of O X induces a structure of O X -coherent ring over D. Proof. This is [5, Prop. 3.1.3] .
Consider now the following situation, compare [5, 3.3.3] . Let X 1 be an S-formal scheme and let D a sheaf of rings over X 1 , endowed with a homomorphism
In addition, assume the following conditions (Berthelot's conditions) 
For a p D-module M, the following statements are equivalent
of coherent D i -modules, such that the transition morphisms factorize via isomor-
Proof. This is [5, Prop. 3.3.9] .
Under the same hypotheses, Berthelot proves in addition the following. 
Tensoring 
where p E is the ̟-adic completion of E. Now, the remaining thing to prove is that
This is the analogue of the key formula [5, (3.
and, by our above discussion, E M " E. With the key formula at hand, one may now follow Berthelot's proof word for word to obtain that E j´1 noetherian implies E j noetherian. 
Using the flatness result (i) we also have an injection of coherent p D pk,m`1q
Then we identify (resp. for N)
Finally taking global sections of the previous injection and using again (ii) of 2.2.6, we get an injection of coherent p D
that proves (iii). Assertion (iv) follows from the previous one, since, as U is quasi-compact,
and we deduce from (iii) that, for all integer m 1 ě m, the module ΓpU, p D pk,m 1 q X,Q q is left and right flat over ΓpU, p D pk,mq X,Q q. We obtain thus (iv) by passing to the inductive limit over m.
We
Since the scheme U is quasi-compact, the functors H q pU, .q commute with inductive limits and we have
By (iii) of the 2.2.11, the maps p D 
Then, @m ě m 0 , H q pU, M pm" 0 by 2.2.6, and by passing to the inductive limit we see that H q pU, M q " 0, which proves (ii). The rest of the proof follows 2.3.7, 2.4.1, 2.4.2 of [16] . For the convenience of the reader, let us summmarize the arguments here. q (resp. with k`1). In our situation, we have the following explicit description (resp. with k`1), where B " ΓpU, O X q, assuming that pr˚T X 0 is free restricted to U, with basis B 1 , . . . , B M as in 2.1.19, Let us first prove that E is a ring. Any element P of E can be written
Moreover we have the inclusion
To prove that E is a ring, it is enough to prove that
Fix ν, and take Q P p D k`1 . We can then write Q " 
Then, following [5, (2.2.4)] we have the following formulas
Passing to the limit in the complete ring p
which proves that ̟ |ν| Q 2¨̟ k|ν| B xνy P E and that E is a ring. Let i ě 0 be an integer and consider now the canonical map λ :
where Q 1 and R are the class of Q 1 and R in the quotient D k {̟ i D k . This proves that the map λ is surjective. Suppose now that λpP q " 0 for some P P D k , then there exist Q P p D k`1 and R P D k such that P " ̟ i pQ`Rq. As ̟ i Q " P´̟ i R P D k , we see from the explicit description of D k`1 above that Q P D k`1 and finally that P P ̟ i D k , which proves that λ is injective and thus an isomorphism. This achieves the proof of the lemma. Now, to prove the proposition, it is enough to prove that E is noetherian. If this is the case, then p E is flat over E, thus p E Q is flat over E Q and p
rp a s i with 1 ď a ď m. Let us define the following algebras: let E 0 " p D k`1 , and for j ě 1 E j be the B-algebra of E generated by p D k`1 and the ̟ kν i B xν i y i with 1 ď i ď j and ν i P N. We also introduce for each j and s an integer satisfying 1 ď s ď m the sub-algebra E j,s of E j generated by p D k`1 and the ̟ kp i B rp i s i with 1 ď i ď s. We define E j,0 " E j´1 for j ě 1. By definition, we have E j,m " E j . Now we can state the Sublemma 2.2.17.
(i) For each j ď M, s ď m, E j,m is two-sided noetherian. (ii) The algebra E is two-sided noetherian.
We will prove the lemma by induction on both j and s. Note that E 0 " p D k`1 is noetherian by 2.2.2. By definition, E 0,0 " E 0 and is thus noetherian.
Next, let us prove that if E j,s´1 is noetherian, then E j,s is noetherian if 1 ď s ď m and 1 ď j ď M. For this, we remark that, if b P B, we have as in [5, 3.5 for the rest of the proof. We follow now Berthelot's argument of the proof of [5, 3.5.3] . We do the proof for the case of left Noetherianess (the right Noetherianess can be proven in the same way). Let I be a left ideal of E j,s and J be the set of elements R of E j,s´1 such that there exists P P E j,s that can be written
with R i P E j,s´1 . If R 1 and R 2 are in J, write
with R i and R 1 i elements of E j,s´1 . Assume l 1 ě l 2 , then, using (2.2.18), we can write
with elements R 2 i P E j,s´1 . In particular, we deduce from this that J is a left ideal of E j,s´1 generated by a finite set of elements R 1 , . . . , R a . Moreover I Ş E j,s´1 is a left ideal of E j,s´1 generated by a finite set of elements Q 1 , . . . , Q b . We see easily then that I is generated by the elements R 1 , . . . , R a , Q 1 , . . . , Q b . This proves that E j,s is noetherian and ends the proof of the flatness theorem.
We have the following
X,Q q is left and right flat over ΓpU, p D
then using the equivalence of categories 2.2.6, we have an injection of coherent p D pk 1 ,mq U,Qmodules : M ãÑ N . Using the previous flatness result 2.2.14, we have an injection of coherent p D pk,mq
Taking global sections and using again 2.2.6, we observe that
(resp. for N ). Finally, from (2.2.19) we see that we have an injection
which proves the corollary.
We compare now rings with different levels k. Let e be the ramification index of the extension Q p ãÑ L. 
Proof. It is enough to prove (i). The only non trivial inclusion is
X,Q , that we can prove locally over some affine open U Ă X of the basis of open sets B from 2.2.2. We use the following notations B " ΓpU,
X,k q. As before (2.1.19), we have then the following descriptions, assuming that pr˚T X 0 is free restricted to U, with basis B 1 , . . . , B M ,
where }¨} is any Banach algebra norm on B Q . For the rest of the proof we endow B Q with the gauge norm }¨} associated with the lattice B Ă B Q . We need the following
k`1 , then there exist R ą 0 and S ą 0 such that log p }b ν } ą R|ν|´S . We can write
Then the following inequality holds log p }c ν } ąˆe
Under the conditions of the statement, log p }c ν } Ñ`8 if |ν| Ñ`8, which proves that P P p D k,Q and the claim.
We now complete these results by additional flatness results. (i) There are canonical isomorphisms
(ii) There is a commutative diagram of coherent D
:
Proof. In order to prove the lemma, we first remark that the morphism u can be extended to any finite presentation of M and N as D 
Furthermore, there exists m such that the matrices of the maps A and B have coefficients in p D pmq k 1 ,Q and define maps
whose cokernel is a coherent p D pmq k 1 ,Q -module denoted by M pmq (resp. N pmq is the cokernel of B). We finally get from this the following commutative diagram of exact sequences
where by definition u pmq is the induced map by u between M pmq and N pmq . By construction there are canonical isomorphism
pmq » M (resp. for N) . 
and again, as D :
Finally, the p D 
We can tensor this map by D 
and this proves the proposition.
2.
3. An invariance theorem for admissible blow-ups. We keep here the hypothesis from the previous section, but we weaken for a moment the smoothness assumption of X 0 . So X 0 denotes a S-formal scheme locally of topologically finite type and pr : X Ñ X 0 denotes an admissible formal blow-up. Let pr 1 : X 1 Ñ X 0 be another admissible formal blow-up and let π : X 1 Ñ X be a morphism over X 0 , inducing an isomorphism between the associated rigid-analytic spaces X Q and X 1 Q (which are both canonically isomorphic to the rigid-analytic space X 0,Q associated to X 0 ). Then we have the following invariance theorem.
Proposition 2.3.1. The functors π˚(resp. π˚) are exact on the category of coherent O X 1 ,Q -modules (resp. coherent O X,Q -modules) and induce an equivalence of categories between coherent O X 1 ,Q -modules and coherent O X,Q -modules.
Proof. Let sp (resp. sp 1 ) be the specialization map : X Q Ñ X (resp. for X 1 ). Then by Tate's acyclicity theorem one knows that sp˚is exact over the category of coherent O X Qmodules. Moreover, via specialization, the category of coherent O X Q modules over the rigid space X Q is equivalent to the category of coherent O X,Q -modules over the formal scheme X [5, 4.1.3] and similarly for X 1 (note that the smoothness assumption on the formal scheme made in [5, sec. 4] is not needed for this equivalence). Letπ be the induced map by π between the analytic spaces X 1 Q and X Q , which is an isomorphism by assumption. One has the following commutative diagram 
Proof. Let us first note that Rπ˚O X 1 Q » O X Q becauseπ is an isomorphism of analytic spaces. Since Rsp˚O X 1 Q " O X 1 ,Q (and the same with X), we can compute using the previous diagram Rπ˚O X 1 ,Q » Rsp˚Rπ˚O X 1 Q » O X,Q . This proves the lemma.
Let us now prove the proposition. Let F be a coherent O X 1 ,Q -module, then by [5, 4.1.3] there exists a coherent O X 1 Q -moduleF such that F " sp˚F. Considering again the previous diagram, we compute
Asπ is an isomorphism, R iπ˚F " 0 if i ě 1 andπ˚F is a coherent O X Q -module. Finally, Rsp˚is reduced to sp˚and the spectral sequence of the composite functors degenerates, giving us that R i π˚F " 0 if i ě 1 and π˚F is a coherent O X,Q -module. It is moreover clear that π˚preserves coherence. Consider the map of coherent O X 1 ,Q -modules π˚π˚F Ñ F . To prove that this is an isomorphism is local on X, which we can assume to be affine. In this case, it is enough to prove the statement for F " O X 1 ,Q , since π˚is exact. But π˚π˚O X 1 ,Q » π˚O X,Q because of the lemma and thus π˚π˚O X 1 ,Q » O X 1 ,Q . Let E be a coherent O X,Q -module and consider the canonical map E Ñ π˚π˚E. Again, since π˚is exact, we are reduced to the case where X is affine and E " O X,Q to prove that this map is an isomorphism. In this case, the isomorphism follows again from the lemma. Since π˚and π˚are quasi-inverse to each other, and π˚is an exact functor, π˚is exact as well. This finishes the proof of the proposition.
In the sequel, we will give a version of the invariance theorem 2.3.1 for modules over rings of arithmetic differential operators, assuming from now on in this section that the formal scheme X 0 is smooth over S. Then we have the sheaves of differential operators
etc. for k ě k X , cf. previous subsection, at our disposal (similarly for X 1 ). In the following we fix a congruence level k ě maxtk X , k X 1 u. Passing to the p-adic completion, we see that the sheaf p D
is a sheaf of right π´1 p D pk,mq X -modules. Then, passing to the inductive limit over m implies that D :
and we make the analogous definition in the case of p D pk,mq X,Q -modules. Theorem 2.3.3. Let π : X 1 Ñ X be a morphism over X 0 between admissible formal blow-ups of the smooth formal scheme X 0 . Let k ě maxtk X , k X 1 u.
X,k , so that π˚induces an exact functor between coherent modules over D and p D pk,mq X 1 ,Q respectively. Proof. As before, we denote the associated rigid analytic space of X by X Q . From 2.3.1 and the lemma 2.3.2 R j π˚O X 1 ,Q " 0 for j ą 0 and π˚O X 1 ,Q " O X,Q . As the map π is proper, the sheaves R j π˚O X 1 are coherent O X -modules and there is N ě 0 such that ̟ N R j π˚O X 1 " 0 for all j ą 0 and such that the kernel and cokernel of the natural map O X Ñ π˚O X 1 are killed by ̟ N . For any i ě 0, let as usual X i be the reduction of X mod ̟ i`1 and similarly for X 1 and denote by π i : X 1 i Ñ X i the morphism induced by π. For any i we have then ̟ N R j π i˚OX i " 0 for all j ą 0 and such that the kernel and cokernel of the natural map O X i Ñ π i˚OX 1 i are killed by ̟ N . To prove (i), we can (and we do) assume X to be affine. According to the theorem A for affine schemes 2.2.13 the module M is generated by global sections. Induction on j reduces us therefore to the case M " D : X 1 ,k . Since R j π˚commutes with inductive limits, it suffices to prove the claim for p D pk,mq
and the projection formula implies the canonical isomorphism
We see for any i ě 0 that
for all j ą 0 and that the natural map
has kernel and cokernel killed by ̟ N by our choice of N. Taking inverse limits over i, and finally inverting ̟ yields the first claim and π˚D 
, it is clear that the functor π ! preserves coherence. There is a map π´1M Ñ π ! M sending x to 1 b x, giving rise to a map M Ñ π˚π ! M . To see that this map is an isomorphism is local on X. We can and we do assume that X is affine. In this case, M is generated by its global sections by 2.2.13, and since π˚is exact by (i), it is enough to prove that the previous map is an isomorphism when M " D :
X,k , by (i), which precisely establishes that the map is an isomorphism when M " D :
There is a map π ! π˚M 1 Ñ M 1 , sending P b x to P x. To prove that this is an isomorphism we can assume that X is affine. Again, since π˚is exact, we are reduced to the case where M 1 " D : X 1 ,k and in this case π ! π˚D :
. From all of this we can conclude that π ! and π˚are quasi-inverse functors. As π˚is exact on coherent D :
X 1 ,k q in the situation of the preceding theorem.
We give some applications of the invariance theorem 2.3.3 in the case where the smooth formal scheme X 0 is affine. We start with the existence of global presentations. Proposition 2.3.5. Let X 0 be a smooth affine S-formal scheme, and let X Ñ X 0 be an admissible blow-up. Let k ě k X . Let M be a coherent p D pk,mq X,Q -module. There are nonnegative integers a, b and a presentation
The same statement holds for coherent modules over D 
Tensoring this resolution with p D pk,mq X,Q
gives us a resolution of π ! π˚M which is canonically isomorphic with M thanks to the invariance theorem 2.3.3.
As a second application we establish Cartan's theorems A and B for admissible blow-ups of the smooth affine formal scheme X 0 3 . Theorem 2.3.6. Let X 0 be a smooth affine S-formal scheme, and let X be an admissible blow-up of X 0 . Proof. Denote by π : X Ñ X 0 the blow-up morphism. The functor ΓpX, .q equals the composite of the two functors π˚and ΓpX 0 , .q. Hence the theorem follows from the invariance theorem 2.3.3 and its corollary 2.3.4 and theorem A and B over the affine X 0 , cf. 2.2.13.
Coadmissible D-modules on X and the Zariski-Riemann space
We continue to denote throughout this section by X 0 a smooth formal S-scheme, and we consider an admissible formal blow-up pr : The purpose of the first subsection is to study projective systems pM k q kěk X of coherent modules M k over D : X,k , and to pass to their associated projective limits. In the second subsection we will then let X vary in the system of all admissible formal blow-ups of X 0 .
3.1. Coadmissible D-modules on X. We make the general convention that k denotes an integer which is at least as large as k X . (iii) The canonical morphism of sheaves p D pk,0q
For every affine open subset V Ă X the resulting isomorphism D (iv) Let X 1 Ñ X 0 be another admissible formal blow-up, and let π : X 1 Ñ X be a morphism over X 0 . Then the canonical isomorphisms π˚D : X,Q pVq are equivalent. This proves the first part of (iii). It also implies that to prove (i), it is enough to prove, when V Ă pr´1U as for (i), that
Denote by E the right-hand side of the preceding equality. Recall that p D pk,0q
Since all Banach algebra norms over O X,Q pVq are equivalent, we can use the p-adic norm |¨| p of O X,Q pVq relatively to the lattice O X pVq. Fix k P N and define b ν " ̟´k |ν| a ν , then, using the ramification index e of the extension Q p ãÑ L, we get that
X,Q pVq. Conversely, let P "
X,Q pVq and R ą 0. Choose k ą 0 such that p k e ą R and define b ν " ̟´k |ν| a ν .
X,Q pVq, |b ν | p Ñ 0, thus
Ñ 0, and |a ν | p R |ν| Ñ 0 , proving that P P E and (i).
Let us prove (iv). Let V Ă X, then from (i) 2.3.3, we know that D : X,k pVq " D : X 1 ,k pπ´1pVqq. We deduce from this the following equalities that imply (iv)
Remark 3.1.6. Let V Ă X be an open affine. In the preceding proposition, we have exhibited two weak Fréchet-Stein structures for the algebra D X,8 pVq, but there are many more. For example, suppose we are given a sequence m k ě 0 of natural numbers for an infinite subset S of integers k ě 0, such that for any 
We denote by C X the full subcategory of coadmissible D X,8 -modules in the category of all D X,8 -modules. 
Proof. This can be deduced from prop. X,Q -modules, with the properties in 3.1.9. Let U Ă X be an open affine subset. Then the projective system pM 1 k pUqq kěk X has the following properties: X,Q pUq is dense. Indeed, using a finite covering we may assume that U is equipped withétale coordinates. The image contains then the algebraic differential operators (polynomials in the derivations) and these are dense in the target. For (iii): By the remark in [9, Proof. We will define two quasi-inverse functors. Let M be a coadmissible D X8 -module and l ě 0 be a nonnegative integer. There exists an admissible blow-up π : X Ñ X 0 such that k " k X ě l and in particular D Consider another admissible blow-up π 1 : X 1 Ñ X 0 such that k 1 " k X 1 ě l, then there exists X 2 P Bl, such that X 2 ě X and X 2 ě X 1 . In particular, there are morphisms p, p 
ΓpX
1 , M X 1 q , and M l is well defined. Since the family M " pM X q is coadmissible it is formal to see that the family pM l q is coadmissible, and this checking is left to the reader. Conversely, consider a sequence M " pM l q of coadmissible D X8 -modules. Let π : X Ñ X 0 be an admissible blow-up of X 0 and l ě k " k X . Then one defines
Thanks to the coadmissibility of pM l q this definition is independent of the choice of l. It remains to see that both functors are quasi-inverse. Let us start with M " pM X q, and X a fixed element of Bl, then for k " k X , we associate by the previous construction M k " ΓpX, M X q. Using now 2.3.6 over X, we note that the associated D : X,k -module is M X .
Conversely, consider M " pM l q a coadmissible D X8 -module. There exists an increasing family F of elements of Bl such that
Since M is coadmissible, it is entirely determined by the data of the M k X for X P F . We can use the family F to define the coadmissible D X8 -module M attached to M and then to construct the coadmissible D X8 -module attached to M. It then follows from our definitions and 2.3.6 that we obtain again M. X,k -modules M 1 k , as in 3.1.9. Our aim is to apply [22, 20.32.4] . To this end, we let B be the set of open affine subsets U Ă X which are contained in a subset of the form pr´1pU 0 q for some open affine U 0 Ă X 0 . We are going to show that the three hypotheses of loc.cit. are fulfilled, namely (i) Every open subset of X has a covering whose members are elements of B.
(ii) For every U P B, all k ě 0, and all q ą 0 one has H q pU, M (ii) This is true by 2.2.6 (ii).
(iii) This is true by 3.1.12.
This shows that the conclusions of [22, 20.32.4] hold, namely that R lim Ð Ýk M 1 k " M , and that H q pX, M q " 0 for all q ą 0. k q " π˚pM q, by 3.1.14. From Rπ˚pM q " π˚pM q we conclude that R q π˚M " 0 for all q ą 0.
3.2.
Coadmissible D-modules on the Zariski-Riemann space xX 0 y. We finally explain how to pass the previous construction and results to the projective limit in X, that is to say, to the Zariski-Riemann space of X 0 .
3.2.1. Let F X 0 be the set of all admissible formal blow-ups X Ñ X 0 . 4 This set is partially ordered by setting X 1 ľ X if the blow-up morphism X 1 Ñ X 0 factors as X 1 π ÝÑ X Ñ X 0 , where X Ñ X 0 is the blow-up morphism. The morphism π : X 1 Ñ X is then uniquely determined by the universal property of blowing up, and is itself a blow-up morphism [14, ch. 8, 1 .24], and we will denote it henceforth by π X 1 ,X . By [6, Remark 10 in sec. 8.2] the set F X 0 is directed in the sense that any two elements have a common upper bound, and we can consider the Zariski-Riemann space 
3.2.2.
Sheaves on the space xX 0 y. For X P F X 0 we denote the canonical projection map xX 0 y Ñ X by sp X . If X 1 ľ X in F X 0 , we have sp X " π X 1 ,X˝s p X 1 . The isomorphism pπ X 1 ,X q˚D X 1 ,8 " D X,8 from 3.1.5, together with the adjunction map π´1 X 1 ,X˝p π X 1 ,X q˚Ñ id gives rise to a canonical map (3.2.3) ϕ X,X 1 :
These morphisms of sheaves satisfy ϕ X,X 2 " ϕ X 1 ,X 2˝π´1 X 2 ,X 1 ϕ X,X 1 whenever X 2 ľ X 1 ľ X. We then obtain an inductive system psp´1 X D X,8 q XPF X 0 of sheaves of rings on xX 0 y, and we put D xX 0 y " lim Ý Ñ X sp´1 X D X,8 . 4 We emphasize that the blow-up morphism X Ñ X 0 is part of the datum of X. 5 In the paper [13] this space is denoted X 8 .
